In this paper we present the exact solution of one dimensional Schrödinger equation for Woods-Saxon plus Rosen-Morse plus symmetrical double well potential via Nikiforov-Uvarov mathematical method. The eigenvalues and eigenfunctions of this potential are obtained. The energy equations and the corresponding wave function for special cases of this potential are briefly discussed. The PT-symmetry and Hermiticity for this potential are also considered.
Introduction
It is well known that the exact solutions of the Schrödinger equation for some physical potential, plays an essential role in non-relativity quantum mechanics and are possible only for a few set of quantum systems.
In recent time, a number of researchers have studied the solution of the Schrödinger equation. For example, these investigation have employed Woods-Saxon Potential [1, 2, 3, 4] , Harmonic oscillator potential [5] , Hulthén potential [6, 7, 8] , Rosen-Morse potential [9, 10] , Manning-Rosen potential [11] etc. Several methods such as the Nikivorov-Uvarov method, Supper-Symmetric quantum mechanics, Factorization method, etc, have been used to solve differential equations arising from these considerations.
In this present work, our focus is to solve the one dimensional Schrödinger equation for Woods-Saxon plus Rosen-Morse plus symmetrical double well potential using the 1 E-mail: fbjames11@physicist.net 2 E-Mail: kjoyewumi66@unilorin.edu.ng 3 E-Mail: abbasmustapha1@yahoo.com
Nikiforov-Uvarov mathematical method. The results include the PT-symmetric and the non PT-symmetric solution of this potential
The paper is organized as follows, section 2; we briefly review Nikiforov-Uvarov (N −U)
Mathematical method. In section 3, by using this method, we obtain the energy eigenvalue and eigenfunction for real and complex cases of this potential. We investigate the PTsymmetric and non PT-symmetric of this potential in sect. 4 and sect. 5. In section 6, we investigate the special cases of this potential and section 7 devoted to conclusion.
The Nikiforov-Uvarov (N-U) Method
The N-U method is based on solving a second order linear differential equation by reducing it to a generalized equation of hypergeometric type [12, 13] . By introducing an appropriate coordinate transformation z = z(r), this equation can be re-written in the following form.
where σ(z) andσ(z) are polynomials, at most of second degree, andτ (z) is a first degree polynomial. Now, if one takes the following factorization
The equation (1) reduces to a hypergeometric type equation
where
The function π and the parameter λ require for this method are define as follows
and
In other to find the value of k, the expression under the square root must be a square of a polynomial. This gives the polynomial π(z) which is dependent on the transformation function z(r). Also the parameter λ defined in equation (6) takes the form
The polynomial solutions y n (z) are given by the Rodrigue relation
where N n is the normalization constant and ρ(z) is the weight function satisfying
Second part of the wave function φ(z) can be obtained from the relation
3 Bound state solutions
The one dimensional time independent Schrödinger Equation can be written as
The generalized Woods-Saxon plus Rosen-Morse plus generalized symmetrical double well Potential can be expressed as
Using the following deformed hyperbolic function [14] we have
By using
We obtained d
Putting Eqs. (15), (14) , (12) and appropriate parameter in Eq. (13) 
Where we have used the following notations
Comparing Eq. (16) with Eq. (1), we have
Inserting the values of these parameters with σ ′ (z) = 1 − 2qz into Eq. (5), we obtained
By choosing an appropriate parameter of k in π(z) which satisfies the conditionτ (z) < 0, one gets
From Eq. (6), we obtained the parameter λ as
Also we obtain the parameter λ from Eq. (7) as
Comparing Eqs. (22) and (23), we obtained the exact energy eigenvalues equation as
Where we have substituted for β 1 , β 2 , β 3 , β 4 , β 5 , β 6 , δ and H. From Eq. (9) it can be shown that the weight function ρ(z) is
Substituting Eq. (25) into the Rodrigue relation (8), we obtained
Where, we have used the properties of Jacobi Polynomial [15, 16] . We obtain the other part of the wave function from Eq. (9) as
Finally we obtained the wave function
Where N n is the normalization factor to be determined from normalization condition
This can further be written as
Where c = δ and d = − ηH 2
. Using the different forms of Jacobi polynomial [15, 16] 
Where
2 from Eqs. (31) and (32) as
Putting Eq. (33) into (30), we have
Before presenting the normalization constant N n , let us recall a relation of hypergeometric function, which is used to solve Eq. (34) and present N n
Using the above Eq. (36), we obtain the normalization factor N n as
(B nq (p, r))
PT -Symmetry and non-Hermiticity
When a Hamiltonian commutes with P T , it is called PT-symmetric Hamiltonian, i.e.
[H, P T ] = 0, where the parity operator P and the time reversal operator T , satisfying the following relations.
In this case, we set the potentials parameter in Eq. (12) as
q ∈ ℑ and α ∈ ∩ℑ (α → iα). Where ℑ and ∩ℑ denotes the set of purely real numbers and purely complex numbers respectively.
This replacement and after some manipulations in Eq. (12) leads to the following potential
Using Eqs. (11) and (42) and making the corresponding parameter replacements in Eqs.
(24) and (28), we obtained energy eigenvalues equation and eigenfunction respectively as
Using the above Eq.(44), we can consequently obtain the normalization constant C n as
Γ (n + 2c − p + 1) Γ (r + 2d + 1) Γ(2c + 2d + 1)
Non PT -symmetry and non Hermiticity
We obtain another form of the potential by assuming some of the parameters as pure
Under this replacement and after some manipulations, the potential takes the form
Using Eqs. (11) and (48) and making the corresponding parameter replacements in Eqs.
Using the above Eq. (50), we can consequently obtain the normalization constant D n as
Γ (n + 2c − p + 1) Γ (r + 2d + 1) Γ(2c + 2d + 1) The energy eigenvalues equation and wave function are respectively obtained as
This is consistent with [16] Using the above Eq.(56), the normalization constant P n is obtained as
Now, let consider the case in which α is a pure imaginary parameter, i.e. α → iα. Under this replacement and after some manipulations, the potential takes the form
We obtain the real positive energy eigenvalues as
The above Eq. (61) is consistent with [16] and [17] forh = 2µ = 1 and α = α1 2
. By assuming some of the parameters as pure imaginary, i.e. q → iq, α → iα and V 1 → iV 1 , then we have potential of the form
We obtained the corresponding energy eigenvalues as
Rosen-Morse Potential
If we substitute for V 1 = V 2 = V 5 = V 6 = 0, then the potential in Eq. (12) becomes Rosen-Morse
The energy eigenvalues equation and corresponding wave function are respectively obtained as
Which is consistent with [10] Using the above Eq. (66), we obtained the normalization constant R n as
We consider a case in which α is a pure imaginary parameter, i.e. α → iα. Then Eq. (64) takes the form
The positive energy eigenvalues is given as
Setting some of the parameters as pure imaginary, i.e. q → iq ,α → iα, V 3 → iV 3 and V 4 → iV 4 , Then Eq. (64) takes the form
The energy eigenvalues equation is also found to be (71)
Symmetrical Double Well Potential
Again, energy eigenvalues and the corresponding wave function are respectively obtained as
Using the above Eq. (75), we obtained the normalization constant W n as
(B nq (p, r)) −1 = 1 n + r − p + 2δ + 1 2 F 1 (n + r − p + 2δ + 1, ηH − 1 − p; n + r − p + 2δ + 1; q) By using Eqs. (11) and (78) and making the corresponding parameter replacements in Eq.
(24) again, we obtained the real positive energy eigenvalues equation 
